Topological phases of matter have been a topic of intense interest in contemporary condensed matter physics. Extensive efforts have been devoted to investigate various exotic properties of topological insulators with the non-trivial band topology. The dissipationless transport via gapless helical edge or surface states is supposed to play a defining role among such exotic properties, which unfortunately, however, has proved difficult to realize in experiment due to inevitable coupling to various backscattering sources induced in the sample boundaries. Here, motivated by the fundamental connection between band topology and the Zak phase, we show that the non-trivial band topology of topological insulators can be directly manifested via the winding number of the Wannier-Stark ladder emerging under a static electric field, which is proven to be robust against interband interference as well as impurity scattering via the Floquet Green's function formalism.
Formulated in terms of algebraic commutation relations between operators, quantum mechanics had not been usually related with geometry or topology before the discovery of the Berry phase. The notion that the topological structure of the Berry phase can be used as a new "order parameter" distinguishing different quantum phases of matter has triggered an intense outburst of research activities in contemporary condensed matter physics [1, 2] .
In two dimensions, such an order parameter is the Chern number, which can be in principle measured directly via the spin Hall conductance according to the the Kubo formula [3, 4] : G spin H = (C ↑ − C ↓ )e 2 /h, where C σ is the Chern number of the occupied band with spin σ. Unfortunately, fully spin-filtered measurements are very difficult to perform in experiment. An alternative is to measure the ballistic two-terminal charge conductance, which is observed to be approximately quantized as G = 2e 2 /h [5] [6] [7] in agreement with a theoretical prediction assuming that gapless helical edge states generate the dissipationless charge transport [8] . A problem is that the helical edge states are inevitably coupled to various backscattering sources induced in the sample boundaries so that the quantization is not exactly protected [9] [10] [11] [12] [13] [14] [15] [16] . Moreover, in three dimensions, there is no direct transport signature that can reveal the topological order in the bulk. Instead, the three-dimensional (3D) topological order has been inferred from the existence of helical surface states [17, 18] , which, unfortunately, are also subject to various backscattering sources. In this context, it is highly desirable to devise a direct physical observable that can manifest band topology without reference to the electron dynamics in the sample boundaries. A possible candidate is the spin-charge separation in the presence of a π flux defect [19, 20] .
Here, we propose a novel spectroscopic method, where band topology is directly related with the electron response to a static electric field via the winding number of the Wannier-Stark ladder (WSL) across the Brillouin zone (BZ). In contrast to a recent interferometric method proposed in optical lattice systems [21] [22] [23] [24] , which combines the Bloch oscillation with the Ramsey interferometry, our proposal can be applied to condensed matter systems. To be concrete, we show via the Floquet Green's function formalism that the winding number of the WSL is robust against interband interference as well as impurity scattering. This method can be in principle applied to strongly correlated systems with the non-trivial band topology.
where ψ † kσ = (c † kασ , c † kᾱσ ) with c † kασ being the electron creation operator with momentum k and spin σ on orbital α, whose physical meaning depends on the specific system.ᾱ indicates the opposite orbital to α. I n is the n × n identity matrix and σ = (σ x , σ y , σ z ) consists of the Pauli matrices. The band dispersion is given by E ± (k) = k ± |d k | and k ± |d −k | for the up and down spins, respectively, indicating that the system becomes insulating when |d k | = 0 in the entire BZ.
Band topology depends on the total flux of the Berry curvature penetrating the BZ called the Chern number, which is equivalent to the wrapping number of the normalized d k field around the unit sphere, 
(a) (a) )
FIG. 1:
Schematic diagram illustrating the fundamental connection between band topology and the winding number of the WSL. (a) depicts the semiclassical situation, where an electron wave packet performs the Bloch oscillation in the 2D momentum space under a static in-plane electric field E. In the presence of the Berry curvature B k , the Bloch oscillation is affected by the anomalous velocity eE × B k / . (b) shows that the center of the WSL eigenstates (i.e., the peak of the envelope wave functions plotted via green and orange dashed lines) is shifted by a contribution due to the Zak phase γ Zak (k ⊥ )a /2π, which generates a corresponding shift of the WSL branches in the energy spectrum. Here, for clarity, only the wave function of the central WSL branch is shown. (c) illustrates that the Chern number is directly related with the winding number of the WSL as a function of k ⊥ across the BZ. low-energy point exists at K = 0 [25] , band topology becomes non-trivial if M/B < 0 and trivial otherwise. In the Kane-Mele model [8, 26] defined on graphene, there are two low-energy points at K = K ± , both of which should satisfy the non-triviality condition in order for the whole band to become non-trivial.
Winding number of the Wannier-Stark ladder Semiclassical description. To appreciate how the electron response to a static electric field can reveal band topology, it is instructive to consider the semiclassical dynamics of an electron wave packet moving in the lattice. Concretely, an electron wave packet in the lattice performs the Bloch oscillation [27] , whose dynamics is described by the semiclassical Lagrangian L(r,ṙ, k,k) = k ·ṙ + A ± (k) ·k − H(r, k) [28] , where r is the center position, k is the mean crystal momentum, and H(r, k) = E ± (k) + eE · r is the semiclassical Hamiltonian. A ± (k) = φ ± (k)|i∇ k |φ ± (k) is the Berry connection with φ ± (k) being the periodic part of the Bloch wave function for the upper and lower bands, respectively. From this forward, we concentrate on the lower band only so that we simplify the notation by setting E k = E − (k) and A k = A − (k). Also, we set −e to be the charge of electron.
By applying the variational principle to the above Lagrangian, one can derive two equations of motion. First, k = −eE, which tells us that the crystal momentum parallel to the electric field, k , changes linearly in time, while that for the perpendicular direction, k ⊥ , remains fixed. Second, ṙ = ∇ k E k + eE × B k , where the former term of the right-hand-side is the usual group velocity and the latter is the anomalous velocity due to the Berry curvature B k = ∇ k × A k . Without the anomalous velocity, these equations of motion describe the usual Bloch oscillation, which can be understood in terms of the Bragg scattering of a wave packet at the BZ boundaries.
The anomalous velocity generates not only a bending of the Bloch oscillating orbit, but also a shift of its center. Considering that the quantized mode of the Bloch oscillating orbit is nothing but the WSL eigenstate [29] , this means that the WSL eigenstate centers are shifted by the Berry curvature. To see how this is possible, let us subtract a total derivative d(k · r)/dt from the above Lagrangian, which generates a new Lagrangian L (r, k,k) = Π k ·k−H(r, k), where Π(r, k) = − r+ A k can be interpreted as a canonical momentum conjugate to k. In this interpretation, the Bloch oscillating orbit is quantized according to the Bohr-Sommerfeld quantization rule: − C dk · Π(r, k) = 2πn (n ∈ Z) with C denoting a closed orbit with the constant energy, where k a sweeps through the entire range between −π and π with k ⊥ a ⊥ fixed. Here, a and a ⊥ are the projected lattice constants of the unit cell along the parallel and perpendicular direction to the electric field, respectively.
As a consequence, the center position, or the polarization of the WSL eigenstates is quantized according to
, where the non-integer shift is called the Zak phase [30] :
which is generally a function of k ⊥ . Then, by relating the energy of the WSL eigenstates with the averaged semiclassical Hamiltonian over C,
, one can show that the energy spectrum of the WSL eigenstates is given by
In two dimensions, one can relate the Zak phase with the Chern number C =
, which can be rearranged as follows [31] :
indicating that, if C = ±1, the WSL index n goes to n ± 1 after k ⊥ a ⊥ sweeps through the entire BZ. This means that the Chern number is equivalent to the winding number of the WSL across the BZ as a function of k ⊥ . Figure 1 provides a schematic diagram summarizing all the discussions so far. It is interesting to predict that the WSL branches for the up and down spins should cross each other at such time-reversal invariant k ⊥ a ⊥ points as 0 and ±π. Following the same logic used to prove that the Kramers doublets exchange partners in the helical edge states [26] , one can also predict that the WSL branches exchange their Kramers doublet partners in the topologically non-trivial phase while not in the trivial phase.
Three dimensions and the Z 2 invariants. In two dimensions, the Chern number difference between the up and down spins defines a Z 2 invariant, which can be related with the time-reversal polarization (TRP) of the WSL eigenstates and reformulated in terms of the parities of time-reversal operators at four TRIM [26] . Extending this idea, the 3D band topology can be characterized by four Z 2 invariants depending on the parities at eight TRIM [32, 33] , which are actually the corresponding Z 2 invariants of four 2D subsystems containing TRIM within the 3D BZ [24] . Considering that the winding number of the WSL is directly related with its TRP, the 3D band topology can be fully determined by measuring the winding number of the WSL in four different 2D subsystems containing TRIM.
Full quantum description. It is important to note that the above semiclassical description is valid under the assumption that the Bloch oscillation energy Ω = eEa is sufficiently smaller than the interband energy difference so that electrons can remain in a given band during the Bloch oscillation, which is simply the adiabatic condition for the Berry phase. Meanwhile, the Bloch oscillation is assumed to be sufficiently faster than the electronimpurity scattering rate so that electrons can complete a full Bloch cycle before scattered off. In what follows, we assess if these conditions can be met in the full quantum description. The energy spectrum of the WSL eigenstates is revealed in the density of states (DOS), which can be obtained as the imaginary part of the retarded Green's function. Since k is not conserved, the DOS can be defined only semi-locally and computed most conveniently in the time-dependent vector potential gauge, where the electric field is incorporated in terms of the time-dependent vector potential A = −cEt. In this gauge, the electric field enters the Hamiltonian through the Peierls shift, k → k − eEt, which conveniently implements the first of the two previously-mentioned semiclassical equations of motion.
Concretely, we use the Floquet Green's function formalism [34, 35] to compute the semi-local DOS:
where
The Floquet Green's function formalism provides a natural platform to study the effects of electronimpurity scattering [35] .
To this end, we take a simple model Hamiltonian for the on-site electronimpurity interaction, H imp = V i,α,σ n iασ n i,imp , where V is the electron-impurity interaction strength, and n iασ and n i,imp are the electron and impurity number operators at the i-th lattice site, respectively. As usual, the Dyson equation is given by (G In this work, the impurity self-energy is computed within the self-consistent Born approximation (SCBA):
imp V withn imp being the average impurity number per site. Note that, in principle, this formalism can also describe strongly-correlated topological insulators so long as the self-energy is properly taken into account for the electron-electron interaction.
Below, we show that the full quantum description provides results fully consistent with those of the semiclassical description, which are robust against interband interference as well as impurity scattering.
Case studies
HgTe/CdTe quantum well model. As a first example, we consider the model Hamiltonian for HgTe/CdTe quantum wells [25] , which can be written in the form of Eq. (1). Specifically, the tight-binding representation is given by 
with a being the lattice constant. For convenience, we defineÃ = A/a, B = B/a 2 , andD = D/a 2 , which all have the same physical unit as M , i.e., energy. Here, we set the electric field to be aligned along the principal direction of the square lattice so that a = a ⊥ = a. As mentioned previously, band topology becomes non-trivial if M/B < 0 and trivial otherwise. Figure 2 shows the evolution of the semi-local DOS emerging from the valence band as a function of electric field. As one can see, there is a good agreement between the WSL branches emanating from the center of the valence band and the guidelines obtained from the semiclassical description via Eq. (3). It is interesting to observe that other WSL-like structures emerge from the band edges in addition to the main WSL branches, which is known as the Franz-Keldysh effect [36] . Similarly, the conduction band (not shown in the figure) generates its own WSL branches. Despite all this complicated structure of interfering WSL branches, however, Figure 2 shows that, at an appropriate window of electric field, say, around eEa /4D = 0.16, the main WSL branches are clearly identifiable. Figure 3 shows the semi-local DOS at eEa /4D = 0.16 as a function of k ⊥ , which confirms that band topology is directly related with the winding number of the WSL, being fully consistent with the semiclassical description. To test how robust band topology remains in the presence of impurity scattering, we compute the semi-local DOS within the SCBA, which shows that band topology can be clearly identified unless the electron-impurity interaction strength becomes comparable to the Bloch oscillation energy.
Kane-Mele model. Next, we study the Kane-Mele model [8, 26] , whose Hamiltonian is given by
,t is the hopping constant, and ν ij = ±1 if the electron take a left and right turn to get to the next- nearest neighbor, respectively. After the Fourier transformation, the Hamiltonian reduces to Eq. (1) with k = 0, d k,± = −t(e ∓ik·c1 + e ∓ik·c2 + e ∓ik·c3 ), and
, and a 2 = a(3/2, − √ 3/2). As mentioned previously, band topology can be determined by the low-energy behavior of d k around the Dirac points
:
± satisfy the non-triviality condition if λ SO = 0, which means that the whole band becomes topologically non-trivial under this condition. Figure 4 shows the comparison between pristine graphene (left) with λ SO = 0, and a topologically nontrivial phase (right panels) with λ SO = 0, which again confirms that band topology is precisely determined by the winding number of the WSL. Note that band topology is not well defined in pristine graphene since it is topologically critical residing exactly at the transition point between being trivial and non-trivial. Figure 4 (a) and (c) show that the winding of the WSL becomes irregular whenever the constant k ⊥ trajectory passes through K ± and therfore the Zak phase is discontinuous [37] . We also check how the evolution of the WSL depends on the electric-field direction; the upper panels are for when the electric field is applied along the armchair direction with a = 3a/2 and a ⊥ = √ 3a, while the lower panels are for the zigzag direction with a = √ 3a/2 and a ⊥ = 3a. As expected, the topological property does not depend on the electric-field direction.
BiSe-inspired 3D TI model. To test our method for 3D TIs, we consider a model Hamiltonian, which is inspired by a strong 3D TI, Bi 2 Se 3 . Around the Γ point, the effective Hamiltonian can be written for four low-lying states {P 1
where the Gamma matrices are defined as
, and Γ 5 = I 2 ⊗ σ y , satisfying the Clifford algebra. The d k field can be expanded around the Γ point as To determine the 3D band topology of such a regularized model, it is convenient to examine the band topology of its 2D subsystems lying within the k x -k y plane of the BZ as a function of k z . As mentioned previously, the 3D band topology is characterized by four different Z 2 invariants, among which the most important is the so-called strong Z 2 invariant since it governs the robustness of a given 3D TI. The strong Z 2 invariant becomes non-trivial if the band topology of the 2D subsystem containing one set of four TRIM is different from that of the 2D subsystem containing the other set. What this means in the current context is that the band topology of the 2D subsystem at k z a = 0 should be opposite to that at k z a = ±π. As one can see from Fig. 5 , this condition can be met for an appropriate set of model parameters. It is interesting to observe that, in our model, the Hamiltonian becomes block-diagonalized at both k z a = 0 and ±π with each block reducing to exactly the same 2D TI Hamiltonian as in the HgTe/CdTe quantum well model.
Discussion on the experimental realization
The main physical observable proposed to be measured in this work is the semi-local DOS. Considering that the
Evolution of the semi-local DOS in 2D subsystems lying within the kx-ky plane of the BZ as a function of kz in the BiSe-inspired 3D TI model. Here, the semi-local DOS is summed over for both orbitals as well as both spins. The electric field with magnitude eEa /4D1 = 0.16 is applied along the principal lattice direction within the x-y plane, in which situation a = a ⊥ = a. (a) and (f) describe the situation, where the corresponding 2D subsystems contain four TRIM and therefore the Kramers doublets occur at k ⊥ a ⊥ = 0 and ±π. The Kramers doublets exchange partners in (a) while not in (f), which means that the strong Z2 invariant is non-trivial. Here, the red and blue dashed lines denote the Zak shift of the WSL branches for each conserved pseudospin in the corresponding block-diagonalized spinor spaces. In modern STM technique now has the spatial resolution to distinguish individual atoms in a crystal, the semi-local DOS can be in principle obtained by partially Fouriertransforming the STM data collected by scanning the bulk of 2D TIs or the cleaved surface of 3D TIs along the perpendicular direction to the electric field. Note that, in addition to the HgTe/CdTe quantum well system, 2D
TIs can be generated from 3D TIs in the thin film limit. Another method to measure the semi-local DOS is the ARPES, which can give rise to the momentum-resolved information directly.
The WSL has been so far observed only in man-made structures such as optical and semiconductor superlattices since the lattice constant in a natural crystal is usually too small that the WSL branches, which are subject to impurity scattering, are not well resolved for a typical strength of electric field [29] . A key challenge is to apply a sufficiently large electric field while suppressing the Joule heating. In this regard, it would be important to make TIs truly bulk-insulating [38] [39] [40] .
Meanwhile, it would be interesting to observe the winding of the WSL in graphene, which is predicted in Fig. 4 (a) and (c) . The limitation of the small unit cell can be effectively overcome by forming the moiré structure [41] [42] [43] . Moreover, extensive efforts are being devoted to enhance the spin-orbit coupling strength [44] [45] [46] [47] to realize the Kane-Mele model in actual graphene.
